NABUCO, Lecture 3, February 01/02/2018

Numerical Solution of Initial Boundary Value
Problems

Jan Nordstrom
Division of Computational Mathematics
Department of Mathematics
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Multiple dimensions: FDM, FVM, DG

o All the methods discussed below are of SBP-SAT type.
e Stability and conservation should be guaranteed.

¢ Overlapping/sliding methods not included.
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FDM on SBP-SAT form
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Kronecker products

For arbitrary matrices A € and B €71, the Kronecker
product is defined as

LZ1/1B ce allmB
A®B=| : .. | (1)
anllB cee am,nB

The Kronecker product is bilinear, associative and obeys
(A®B)(C®D) =(AC®BD) 2)

if the usual matrix products are defined. For inversion and
transposing we have

AeB T =AT"TeB T €)

if the usual matrix inverse is defined.



Organisation

aF _ =2 _ =2 _ >
5 ¥ (PI Qe L)F = (PT'Qc @I, @ L)F = (P;'Qr @ Iy ® A)il

aG _ = _ = _ >
Eri (L®P,'Q,))G = (L ® P,'Q, ® I)G = (I, ® P,'Q, ® B)il
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The semi-discrete schemes

Focus only at the interface:
u + (P7'Qy ® [,)F + (I, ® P;' Q)G = (P! ® I,)1 (u — v)

o+ (PF1Qx ® I)F + (I ® P;' Q)G = (P;! @ [,)Xr (v — 1)

Determine X;, Yr such that the coupling is stable and
conservative.



Conservation ¢ = ¢(x,y,t) = smooth, Pp(+co, 00, t) = 0.
PT(Px®Py)us+§ (Qr®P)F +¢" (Pr®Q,)G = ¢' (I, ®P,) L1 (u—0)

SBP: Q, — —-QI + B,
Qy— —-Qy +By

¢T(Px ® Py)ur = T(Qr ® Py)F — ' (P ® Q)G+
¢T(By®P,)F + p" (P ®B,)G = ¢" (I, ® P,) Ly (1 — v)

Note ¢"(Qy ® P))F = ¢"(Q) ®1,)(Iy ® P,)F =
T (QI ® I)(PT) ®1,) (Px ® I,)(Iy ® Py) F = ¢1(Px ® P,)F

o (PceP,)



Same procedure as in one dimension, all derivatives flipped =

¢T (P ® Py)uy — 1 (Py ® Py)F — ¢y (P ® P,)G =
Boundary terms at i = 0 for all gridpoint j = 0, M.
—¢3PyFN + ¢ (L ® Py ® 1y) (EN ® L, ® X1 )(u — v)

—_————
X

~¢L (PLeA)uy+¢T (PLOYL)(un—00) = ITL
From the other equation we get the corresponding terms

ITg = ¢ (PR ® A)vg + g (PR @ Xr)(vp — un).



Conservation at interface requires IT, + ITr = 0, hence

IT, +1ITg = (o = on = ¢i, Py =Py =P)) =
¢F(Py® (A + X1 — ZR)(un — 09)) = 0

lead to conservation.

Y = Xr + A is the conservation condition.

Note similarity with 1D o, = or +4a



The same technique, multiplying from left with u”(Py ® Py) =
d
a(uT(P,LC ® Py)u + 0" (P ® Py)o) =

un] [Py ®(-A+25;) P,® (X - Lp)|[un
Vo Py ® (—ZR — ZL) Py ® (A + 221{) ()

A
Recall A® B = a;;B, Unfortunately, this is not the form of A.

However there exists i such that Py ® A;; = ¢T(A;j ® P)y.
“even permutation similar. 7 =



[uN]T [IPT(AH ®P)Y YPI(An® Py)kb] [MN]
v | [YT(AR®Py)Y PT(An® P || v
]

A ® Py Ap® Py 1!)1/[]\]
Yoo

Ap® Py A» ® Py gbvo

®.
A Axp
| —
A

[An Alz] .
Yy

For stability we need A < 0. The conservation condition in A =

—A+2Y; —22L+A] _ [ 1 _1]®[—A+22L].

-2X1+A -A+2%; -1 1
<0
A=0,2

. Stability if conservation condition holds and -A + 2X; < 0.



We need 2 — A < 0. However A = XAXT = X(A* + A7)XT.
LetX; = XiLXT =

2% —A=XT25 - AT - A)X = -XATXT + X(2E, - A)XT
1st choice &y = &4~ damping by —A*
2nd choice X, = A~ damping by A~ — A*



Summary of the SBP-SAT-MB technique

It is a conservative and stable method.
Nodes on interface must coincide.

The integration operators (norms) must be the same on
both sides of interface.

If the norms are different, interpolation operators must be
used.

If the nodes do not coincide, interpolation operators must
be used.

The stability and conservation conditions are similar to the
one-dimensional ones.



Node centered unstructured finite volume methods

SBP property SHIE /
Consider 0 | /7 L y/ NS w
Loz,
f udxdy + L uxdxdy =0 ®)
Qctict Green's formula= §,.) udy

Ue + U u u;Ay;
fouy = ) =50 = ) hui+ )5
1 1

1
— —

closed loop=0  Matrix elements

_ Ay lockwi Ay .
QcNi = - counter clockwise, Qpjic = 5 = Q skew-symmetric



Boundaries

Q. +Qr

SBP operators

up + uUnj;
(’) udy ~ E Ay; + ugAyg
905 y : 2 yl

_ uB(Z 4 Ayg) + Z INiRYi

‘/_/

—Ayp
> +Ay3

Ayp Ayl

Opp = — QsNi = — = —0OniB

=AY, elements of AY # 0 only at boundary points.

" Qy + Q) = —AX, elements of AX # 0 only at boundaries.

.. The UFVM yields SBP operators.




Boundary procedures

What about boundary bonditions and SAT?

u + Aux + Buy =0, ¥ € Q
Lu=g, X€0Q
u@0)=f, T Q

Let A, B be symmetric and consider the energy.
f uudxdy + f ul (Au), + uT(Bu)ydxdy =0 =
Q Q

%llullt2 + % f(uTAu)x + (u' Bu)ydxdy = 0 =
Q



Boundary procedures

||u||t2 + 95 uTAudy —u'Budx =0 =
0Q

||u||$+5€ ul (A,B)-iuds =0, A=XAX', As=A+A;=>
Q S———

A=symmetric
uell} + 95 ul X(AL + A))X"uds =0, A} dangerous.
2Q
Use the characteristic boundary condition (X'u)~ = (XT#1)” =
d 2 T A+ —T A—=
—lull” + uwATu+an Auds = 0. (6)

.. A well-posed problem.



Conservation

Is the scheme Pu; + (Qx ® A)u + (Q, ® B)u = 0 conservative ?

¢ Pus + ¢T(Qx ® A)u + ¢T(Qy ® B)u = 0
Qe =-Qr +AY, Qy=-Q; -AX =
¢TPuy — T (QF ® Ayu — pT(Q) ® B)
+T(AY @ A)u + ¢T(-AX ®B)u = 0
o"Pu; - [(Q: @ D] 1@ Alu—[(Q,® D¢ [[®B]u
+) O(AB) - uids,

BT

.. No remaining interiour terms: Conservative!



Stability of UFVM

(P& Dus + (Qx ® A)u + (Q, ® Byu = (Ef ® I) Z(1 — G)
N——
H

Ep picks out boundary points. Non-zero on the boundary only.

ul(P @ Duy + u™(Qy ® A) + u"(Q, ® B)u = u" (E, ® )H =

= (Ep® u)"H = ulH = Z ul H; = Z uTS(u - ),
i€B

(||u||123®1))t +u (AY ® A)u + u’ (-AX ® B)u = 2ujH.

(el = Y ~ul (A, B) - i)usds; + 2u] Ti(u; - )
= Z (—M?Aiui + ZuiTii(ui - ﬂl)) ds;
i



Energy estimate

Ai = A;’ + Az_ = Z (—M?A;—ui - uzT(Az_ - 221')1/[1' - 2uiiiﬁi) dSi.

i

Let I = +A7 =

d . _ _ _
E(“””%@I) + Z ul.TAJru,- + ﬂiTA ids; = Z(u - u,-)TAi (u — i1;)ds; .
i€B i€B

<0
.. An estimate in terms of data !
. UFVM both conservative and stable.

. Warning ! Could be suprisingly inaccurate with O(1) errors.



SBP-SAT-MB + UFVM = Hybrid
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Discontinuous Galerkin (DG)

<
N
s

us + (Au)y + (Bu), =0, F=Au, G = Bu, u = solution vector

A= AT, B = BT = constant matrices

1. Multiply with smooth function a = a(x,y, t).

fautdxdy+fan+aGydxdy:O
Q; Q;

1



Derivation of penalty term

2) Integrate-by-parts

f aupdxdy + f (aF)y + (aG)y dxdy — f Va -ﬁdxdy =0
Q; Q; Q;

1 1

where F = (F, G). Green-Gauss =

f audQ) — f Va - FdQ + 95 aFdy — aGdx =0
Q; Q Flo?

1

f autdQ—f Va-ﬁdQ+9§ oF - itds = 0
Q; Q; 2Q;

3) Change F — F = numerical Flux= what you want it do be.



Derivation of penalty term

faut—Va-FdQ+SE af -itds =0 (7)
Q;

Fre)

Integrate back =

a(F —F)-ilds =0 (8)

f aut+aV~FdQ+9§
Q; Q)

penalty term

A penalty term just as in the SBP-SAT technique.



Conservation
Look at two nearby elements. Let a = ¢.

X, \‘y" a

7L s f ¢iF; - ids + f Pis1Fist - fliads =
PN LT 2Q; Qi1
= (liy1 = —1i, Piv1 = ;) = f GiF; -1 + dipr Fiaa (—1))ds
00,

=f ¢i(F; — Fivq) - flids.
20

. No terms at the interface if (F; — Fi;1) - i1 = 0.

. DG is a conservative if numerical fluxes on adjacent
elements are the same.



Stability

Lleta=u=

f uutdQ+f ul (Au), +uT(Bu)de
Q; Q;

+f ul(F—F)-itds =0
20

1 1 A S
Sull? + = f u' Audy — u" Bu dx + 56 u'(F-F)-itds=0
2 2Jogi e 90

uTF-iids

1
P + 2 9§ (- 1F) - ids = 0,

1



Stability

The other side =

~ 1 R
(lull? + ||u||l+1>t+256 ul (T = ZF)) - itids +
20 2

i

1 S
2§ 1+1(Pl+1 zPi+1) “fjpds =0
Q11

Byt = Co(F); + C1 [Fl;; {F)i = (A,B) -t (—”l”‘l“)

2
Fiy1 -1 = Co{F); + C3[F1;; [Fl; = (A, B) - it (wi — ttiy1)

Conservation = (Cy — Co) {F}; + (C1 — C3) [F]; =

= Cz = Co,C3 :C1




Stability

~ (U + U; ~ 1-
BT = 9§ ul (CoA (T”) + CLA(w; - 51) — S Au;)

+ - 1-
e + CLA(u; — uiy1) — EAuiH)dS =

z+1 (COA

1 . C
= 95”?(5((30 = 1)+ C1)Au; + MiT(TO = Cuin
- ui+1(§(C0 —I) - C1)Au; - ui+1(7 — Cy)uds

Put on matrixform, to be able to see what is going on.

L[ [GCo-D+CA S _cpi "
BT = 96[%41] [ ’ —(% +CA (—%(Czo -+ CQA] [uiﬂ] ds =

:é u; T (Cl+%)A —ClA Uu; ds
Uisi —GA (€ - A [uin




Stability

T
Choose Cy =1 = BT = é‘ ul - ®C1A il ds
uip| (-1 1 Uit1
S
A=0,+1

Need to choose C; such that C;A > 0.
A=XAXT C =XZX" = A = XZAXT = XTZ(AT + AD)X

Choose L such that: A" = A", LA™ =)A=

A*,0=0

CA = X(A* +0lA™ X" =
|Al,6=1



Stability

With the above choices we find

T
_ _ u; Al —IAlf| wi _ AN — 11 =
.. BT = é[”ﬂl] [—|A| |A| } [”Hl] ds = é(uz uz+1) |A|(u1 ul+1)ds

and hence

S0P + P ) = - b )4 s

———
jumps

.. A stable scheme.

.. Also expensive, interfaces everywhere, needed for high
accuray.



Summary of multi-dimensional schemes

SBP-SAT-MB: Highly efficient. Requires non-nasty
geometry to be optimal.

UFVM: Can handle complex geometry, low accuracy, slow.

DG: Very stable and accurate but expensive for high order
and multiple dimensions.

Hybrid: Combines SBP-SAT-MB + UFVM or dG. Maybe
optimal by combining the best properties.
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End of Lecture 3
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