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Introduction and motivation

If a well posed problem does not exist:
@ An accurate numerical approximation can be made.
@ A stable numerical approximation can be made.
@ An accurate and stable approximation can not be made.
@ Well-posedness is the most important point in coupling procedures.
@ Once well-posedness is established, stability follows almost
automatically by using the SBP-SAT technique.

In this talk we focus on well-posedness, and its link to stability.
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The compressible Navier-Stokes equations

The linearized and symmetrized compressible Navier-Stokes equations are:

U + AUy + AUy = €((A11Ux + Ar2Uy)x + (A1 Ux + A2Uy),) (1)

where
-
cp T
U: _,U,V,_
Valz vy -1)
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The compressible Navier-Stokes equations
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The incompressible Navier-Stokes equations

The linearized incompressible Navier-Stokes equations are:

T " .
iy + Giy + Vi, :E(—px + €fi( xx + dyy)),
T P ~ .
Ve + 00, + V0, :B(—py + €i(Vx + ¥y ),
i + ¥, =0.

They can be rewritten, using (ix + Vy)x = (ix + V), =0, as
IV + BiVi+ BaVy, = e((Bu Vi + BiaVy)x + (B Vi + B2V, )y) - (2)

where
V=1[ap]"
Note that (1) and (2) have the same form.
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The incompressible Navier-Stokes equations

The coefficient matrices are:

100
I=|o0 1 0],
0 0 0

0 0 0
B,=|0 © 1/p
0 1/p 0O
(B 0 0
Bn=-10 2i 0
P1o 0 o
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Interface conditions

number of interface conditions

The energy method (multiplying the equations by UT and VT
respectively, and integrating over the spatial domains) leads to

d 1
Z (U3 + acl|VI[2) + 2€Dy + 26Dz = — / WTEWd  (3)
0

where o > 0 is a free parameter,

—A ely 0 0
| ey 0 0 O .
E = 0 0 0 B i’ ’ I4 - dlag(oalalal)a

0 0 —el B

and
W = [U, Any Uy + AUy, B1 Vi + BnV,, V)T, D1 >0, D;>0.
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Interface conditions

The number of interface conditions

We ignore the boundary conditions and focus only on the interface.

The matrix E has
@ 5 five positive eigenvalues
@ 4 zero eigenvalues

o five negative eigenvalues

4

5 interface conditions are needed.
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Interface conditions

The form of interface conditions

compressible fluid

incompressible fluid
interface

Figure: A sketch of a fluid-fluid interface.
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Interface conditions

The form of interface conditions

o Continuity of velocity of the fluids at the interface require
u=1id, v=7V.

@ The stresses exerted on the interface by the compressible and the
incompressible fluid are equal.

on= —0on,

where
o =ph —er, & =ph — €T.

e Tangential interface condition:

T Tz

t'Tth=1t Tn.

o Normal interface condition:

T

p—en'tn=p—en"

n.
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Well-posedness

The energy method

By inserting the coupling conditions into (3) we find

9 NUIR+IVI2) + 26Dy + 26D :(1_%)/1 ITdx
gt Y AR &
2€K

+t—=—"7-T7,.
pci(y =)
Choosing a. = p/p leads to

d 2¢ek
—(lU|I2 + || V]|?) +2eDy +2¢Dy = ———— —TT,,.
dt(H 2+ [[V[5) + 2eD1 + 2eD2 72y —1)e

—> one more condition is needed, as previously indicated.
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Well-posedness

The energy method

We add on the decoupled heat equation for the incompressible fluid
LN
D ¢pPe

By adding the heat equation, six interface conditions are needed.
We use the continuity of temperature and fluxes across the interface

T=T, kT,=&T,.
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Well-posedness

The energy method

The energy method leads to

d 5 5 2ke 51 P
< V 2eDy +2¢Dr = TT, 25 -
dt(“U||H1+aCH ”H2)+ € 1+ eLn y /3 (52(7_1)Cp pre )
where

Ul = [ UTHUdR, [VIE, = [ VTH:VaR,
(921 Q2
and
Hy = diag(l, 1, 1,(51), Hy = diag(l, 1,0,(52), (5172 > 0.
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Well-posedness

The energy method

Choosing
¢ Pe<51
=5/p, Bp=_—P -
Q¢ p/p7 2 62(’}/— 1)Cp7
leads to J
a(llUllﬁ1 + ac|VI[#,) + 2¢Dy + 2Dy = 0,

which means that energy is bounded. Note that ¢; is arbitrary.
The energy bound leads directly to uniqueness and since we use a minimal

number of interface conditions, we have existence and consequently
well-posdeness.
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The semi-discrete problem
SBP-SAT technique

SBP operators

Uy ~(Dy ® I4)U, Vi ~(Dy ® I3)V,
U, ~(D, ® Iy)U, V, ~(D, @ )V,
Dy =P' Q. ® Iy, D= PR IR = R0,
D, =P;1Q, ® I, D, =P 1Q, ® Iy, Py =PI, >0,
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The semi-discrete problem

SBP-SAT technique

The semi-discrete SBP-SAT approximation is

U:+[Dx ® A1 + Dy ® Az]U = €(Dx ® I4)[Dx @ A11 + Dy ® A12]U
+e(Dy @ 14)[Dx ® Az1 + Dy @ A2)]U + S,

IVe+[Dy ® B1 + Dy ® Bo]V = €(Dyx ® I4)[Dy ® B11 + Dy ® Bio]V
+e(Dy ® 13)[Dx @ Boy + Dy @ By]V +§,

where o 5
I=L®l, Il
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The semi-discrete problem

SBP-SAT technique

The penalty terms are
S=(h®PlE®Y)(CU-CV), S=(LkePlE®L)(CV - CU),

where
C:IX®/y®C1_DX®C2_Dy®C37

C=iholeb-Dwe&G-D G,

and G U — GUy — GU, = GV — G Vi — GV, is the matrix form of
interface conditions.

F.Ghasemi & J.Nordstrém Coupled Problem ECCOMAS 18 / 20



Applying the discrete energy method and choosing ay = ¢ and the
penalty matrices

00 0 0 00 00 ~1/p 0 0
s_|00 0 1500 g_|00 —¢p 0 00
“l0o0e¢p 0 0O T ]00 0O 0 00}

00 0 0 11 o0 0 0 11

and 8> as before, leads to

d
E(HUHi + ag||V|[3,) + 2¢Dy + 2¢D, = 0,

where
=L, dH hL=L&®I & H.

This means that the semi-discrete problem is stable.
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Thank you for listening!
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