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Introduction and motivation

If a well posed problem does not exist:

An accurate numerical approximation can be made.

A stable numerical approximation can be made.

An accurate and stable approximation can not be made.

Well-posedness is the most important point in coupling procedures.

Once well-posedness is established, stability follows almost
automatically by using the SBP-SAT technique.

In this talk we focus on well-posedness, and its link to stability.
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The compressible Navier-Stokes equations

The linearized and symmetrized compressible Navier-Stokes equations are:

Ut + A1Ux + A2Uy = ε
(
(A11Ux + A12Uy )x + (A21Ux + A22Uy )y

)
(1)

where

U =

[
c̄ρ
√
γρ̄
, u, v ,

T

c̄
√
γ(γ − 1)

]T
.

The coefficient matrices are:

A1 =


ū c̄/

√
γ 0 0

c̄/
√
γ ū 0 c̄

√
γ−1
γ

0 0 ū 0

0 c̄
√

γ−1
γ 0 ū

 ,A2 =


v̄ 0 c̄/

√
γ 0

0 v̄ 0 0

c̄/
√
γ 0 v̄ c̄

√
γ−1
γ

0 0 c̄
√

γ−1
γ v̄

 .
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The compressible Navier-Stokes equations

A11 =
1

ρ̄


0 0 0 0
0 λ+ 2µ 0 0
0 0 µ 0
0 0 0 θ

 , A22 =
1

ρ̄


0 0 0 0
0 µ 0 0
0 0 λ+ 2µ 0
0 0 0 θ

 ,

A12 =AT
21 =

1

ρ̄


0 0 0 0
0 0 λ 0
0 µ 0 0
0 0 0 0

 .

F.Ghasemi & J.Nordström Coupled Problem ECCOMAS 5 / 20



The incompressible Navier-Stokes equations

The linearized incompressible Navier-Stokes equations are:

ũt + ûũx + v̂ ũy =
1

ρ̂
(−p̃x + εµ̃(ũxx + ũyy )),

ṽt + ûṽx + v̂ ṽy =
1

ρ̂
(−p̃y + εµ̃(ṽxx + ṽyy )),

ũx + ṽy =0.

They can be rewritten, using (ũx + ṽy )x = (ũx + ṽy )y = 0, as

Ĩ Vt + B1Vx + B2Vy = ε((B11Vx + B12Vy )x + (B21Vx + B22Vy )y ) (2)

where

V =
[
ũ, ṽ , p̃

]T
.

Note that (1) and (2) have the same form.
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The incompressible Navier-Stokes equations

The coefficient matrices are:

Ĩ =

1 0 0
0 1 0
0 0 0

 , B1 =

 û 0 1/ρ̂
0 û 0

1/ρ̂ 0 0

 ,
B2 =

 v̂ 0 0
0 v̂ 1/ρ̂
0 1/ρ̂ 0

 , B11 =
1

ρ̂

2µ̃ 0 0
0 µ̃ 0
0 0 0

 ,
B22 =

1

ρ̂

 µ̃ 0 0
0 2µ̃ 0
0 0 0

 , B12 =BT
21 =

1

ρ̂

 0 0 0
µ̃ 0 0
0 0 0

 .
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Interface conditions
number of interface conditions

The energy method (multiplying the equations by UT and V T

respectively, and integrating over the spatial domains) leads to

d

dt
(‖U‖2

2 + αc‖V ‖2
Ĩ
) + 2εD1 + 2εD2 = −

∫ 1

0
W TEWdx (3)

where αc > 0 is a free parameter,

E =


−A2 εĨ4 0 0

εĨ4 0 0 0

0 0 0 −εĨ
0 0 −εĨ B2

 , Ĩ4 = diag (0, 1, 1, 1) ,

and

W = [U,A21Ux + A22Uy ,B21Vx + B22Vy ,V ]T , D1 ≥ 0, D2 ≥ 0.
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Interface conditions
The number of interface conditions

We ignore the boundary conditions and focus only on the interface.

The matrix E has

5 five positive eigenvalues

4 zero eigenvalues

five negative eigenvalues

⇓
5 interface conditions are needed.
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Interface conditions
The form of interface conditions

incompressible fluid

compressible fluid

y
x
−−−−→

n

ñ = −n t

interface

Figure: A sketch of a fluid-fluid interface.
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Interface conditions
The form of interface conditions

Continuity of velocity of the fluids at the interface require

u = ũ, v = ṽ .

The stresses exerted on the interface by the compressible and the
incompressible fluid are equal.

σn = −σ̃ñ,

where
σ =pI2 − ετ, σ̃ =p̃I2 − ετ̃ .

Tangential interface condition:

tT τn = tT τ̃n.

Normal interface condition:

p − εnT τn = p̃ − εnT τ̃n.
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Well-posedness
The energy method

By inserting the coupling conditions into (3) we find

d

dt
(‖U‖2

2+‖V ‖2
Ĩ
) + 2εD1 + 2εD2 = (

1

ρ̄
− αc

ρ̂
)

∫ 1

0
ITdx

+
2εκ

ρ̄c̄2(γ − 1)cp
TTy .

Choosing αc = ρ̂/ρ̄ leads to

d

dt
(‖U‖2

2 + ‖V ‖2
Ĩ
) + 2εD1 + 2εD2 =

2εκ

ρ̄c̄2(γ − 1)cp
TTy .

=⇒ one more condition is needed, as previously indicated.
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Well-posedness
The energy method

We add on the decoupled heat equation for the incompressible fluid

T̃t + ûT̃x + v̂ T̃y =
εθ̃

ρ̂
∆T̃ , θ̃ =

κ̃

c̃pPe
.

By adding the heat equation, six interface conditions are needed.
We use the continuity of temperature and fluxes across the interface

T = T̃ , κTy = κ̃T̃y .
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Well-posedness
The energy method

The energy method leads to

d

dt
(‖U‖2

H1
+ αc‖V ‖2

H2
) + 2εD1 + 2εD2 = TTy

2κε

ρ̄
(

δ1

c̄2(γ − 1)cp
− δ2

c̃pPe
),

where

‖U‖2
H1

=

∫
Ω1

UTH1UdΩ, ‖V ‖2
H2

=

∫
Ω2

V TH2VdΩ,

and
H1 = diag(1, 1, 1, δ1), H2 = diag(1, 1, 0, δ2), δ1,2 > 0.
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Well-posedness
The energy method

Choosing

αc = ρ̂/ρ̄, δ2 =
c̃pPeδ1

c̄2(γ − 1)cp
,

leads to
d

dt
(‖U‖2

H1
+ αc‖V ‖2

H2
) + 2εD1 + 2εD2 = 0,

which means that energy is bounded. Note that δ1 is arbitrary.

The energy bound leads directly to uniqueness and since we use a minimal
number of interface conditions, we have existence and consequently
well-posdeness.
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The semi-discrete problem
SBP-SAT technique

SBP operators

Ux ≈(Dx ⊗ I4)U, Vx ≈(D̃x ⊗ I4)V,

Uy ≈(Dy ⊗ I4)U, Vy ≈(D̃y ⊗ I4)V,

Dx =P−1
x Qx ⊗ Iy , D̃x =P̃−1

x Q̃x ⊗ Ĩy , Px ,y =PT
x ,y > 0,

Dy =P−1
y Qy ⊗ Ix , D̃y =P̃−1

y Q̃y ⊗ Ĩx , P̃x ,y =P̃T
x ,y > 0,

Qx ,y + QT
x ,y =diag(−1, 0, ..., 0, 1),

Q̃x ,y + Q̃T
x ,y =diag(−1, 0, ..., 0, 1).
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The semi-discrete problem
SBP-SAT technique

The semi-discrete SBP-SAT approximation is

Ut+[Dx ⊗ A1 + Dy ⊗ A2]U = ε(Dx ⊗ I4)[Dx ⊗ A11 + Dy ⊗ A12]U

+ε(Dy ⊗ I4)[Dx ⊗ A21 + Dy ⊗ A22)]U + S,

IVt+[D̃x ⊗ B1 + D̃y ⊗ B2]V = ε(D̃x ⊗ I4)[D̃x ⊗ B11 + D̃y ⊗ B12]V

+ε(D̃y ⊗ I4)[D̃x ⊗ B21 + D̃y ⊗ B22]V + S̃,

where
I = Ĩx ⊗ Ĩy ⊗ Ĩ .
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The semi-discrete problem
SBP-SAT technique

The penalty terms are

S = (Ix ⊗ P−1
y E ⊗ Σ)

(
CU− C̃V

)
, S̃ = (Ĩx ⊗ P̃−1

y Ẽ ⊗ Σ̃)
(
C̃V− CU

)
,

where
C =Ix ⊗ Iy ⊗ C1 − Dx ⊗ C2 − Dy ⊗ C3,

C̃ =Ĩx ⊗ Ĩy ⊗ C̃1 − D̃x ⊗ C̃2 − D̃y ⊗ C̃3,

and C1U − C2Ux − C3Uy = C̃1V − C̃2Vx − C̃3Vy is the matrix form of
interface conditions.
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Stability

Applying the discrete energy method and choosing αd = αc and the
penalty matrices

Σ =


0 0 0 0 0 0
0 0 0 1/ρ̄ 0 0
0 0 ε/ρ̄ 0 0 0
0 0 0 0 1 1

 , Σ̃ =


0 0 0 −1/ρ̂ 0 0
0 0 −ε/ρ̂ 0 0 0
0 0 0 0 0 0
0 0 0 0 1 1

 ,
and δ2 as before, leads to

d

dt
(‖U‖2

J1
+ αd‖V‖2

J2
) + 2εD1 + 2εD2 = 0,

where
J1 = Ix ⊗ Iy ⊗ H1 J2 = Ĩx ⊗ Ĩy ⊗ H2.

This means that the semi-discrete problem is stable.
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Thank you for listening!
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